Multimode collective scattering of light in free space by a cold atomic
  gas by Ayllon, R. et al.
Multimode collective scattering of light in free space by a cold atomic gas
R. Ayllon and J.T. Mendonc¸a
IPFN, Instituto Superior Te´cnico de Lisboa, Universidade de Lisboa, Lisboa, Portugal
A. T. Gisbert and N. Piovella
Dipartimento di Fisica ”Aldo Pontremoli”, Universita` degli Studi di Milano, Via Celoria 16, I-20133 Milano, Italy
G.R.M. Robb
SUPA and Department of Physics, University of Strathclyde,Glasgow G4 0NG, Scotland, UK
(Dated: V 4, June 6, 2019)
We have studied collective recoil lasing by a cold atomic gas, scattering photons from an incident
laser into many radiation modes in free space. The model consists of a system of classical equations
for the atomic motion of N atoms, where the radiation field has been adiabatically eliminated. We
performed numerical simulations using a molecular dynamics code, Pretty Efficient Parallel Coulomb
Solver or PEPC, to track the trajectories of the atoms. These simulations show the formation of
an atomic density grating and collective enhancement of scattered light, both of which are sensitive
to the shape and orientation of the atomic cloud. In the case of an initially circular cloud, the
dynamical evolution of the cloud shape plays an important role in the development of the density
grating and collective scattering. The ability to use efficient molecular dynamics codes will be a
useful tool for the study of the multimode interaction between light and cold gases.
I. INTRODUCTION : SCATTERING OF LIGHT
BY ATOMS
One of the most basic light-atom interactions is
Rayleigh scattering. When an ensemble of N randomly
distributed, stationary atoms is weakly illuminated by a
laser, the atoms scatter independently and the resultant
scattered field intensity varies as ∼ N . For an ensem-
ble of cold atoms which are free to move, the picture
can change drastically due to collective behaviour arising
from the optical forces produced during scattering. Each
atom is affected by the optical field scattered by the other
atoms. Superradiant light scattering was first demon-
strated using a cigar-shaped Bose-Einstein Condensate
(BEC) [1] and later using a cold, thermal gas [2]. In [1],
superradiantly scattered light was observed to propagate
along the major axis of the atomic cloud, simultaneous
with the development of a matter-wave/density grating
in the cloud. Some features of this phenomenon have
been described by single-mode/mean field models similar
to that of the Collective Atomic Recoil Laser (CARL) [3–
14]. These mean-field models are appropriate in certain
specific cases where there is a well-defined propagation
axis and consequently, to a good approximation, a single
spatial mode, e.g., in a single-mode cavity or in a highly
elongated sample where the major axis of the sample de-
fines an ‘end-fire mode’ which dominates the direction
of emission. In general, however, for arbitrary shapes
of atomic ensembles, many spatial modes are involved
simultaneously in the collective scattering process.
The computational effort required to model large sys-
tems of atoms in 2D and 3D geometries is significant.
Large, efficient publicly accessible ‘molecular dynamics’
(MD) codes, which solve dynamical equations of motion
for large collections of particles under the action of var-
ious forces (gravitational, electrostatic, van der Waals),
have become an essential tool in many areas of science,
e.g., plasma physics, astrophysics & computational chem-
istry. Despite the latter fact, to date, MD codes have
not been used in the study of light interacting with cold
atomic gases.
In this work we have simulated collective light scat-
tering from a gas of cold atoms in 2D and 3D, using a
model which describes the positions and velocities of the
atoms. The model has been derived from a multimode
theory, where the vacuum radiation modes are adiabati-
cally eliminated. The result is a set of coupled N atoms
where each atom is subjected to the radiation force ex-
erted by all the other atoms present in the cloud. The
form of the equations in this model makes them suit-
able for implementation in MD codes, which offers the
possibility of efficient simulation of multimode scattering
involving very large numbers of atoms by exploiting ad-
equate methods for simulating N-body interactions, e.g.,
Barnes-Hut methods [15]. We use a public MD code,
PEPC [16], to demonstrate that the collective scattering
process described by our model has similar characteris-
tics to those observed in [1], i.e., observation of a den-
sity grating, which is responsible for collective enhance-
ment of scattered light intensity. Whereas for ultracold
atoms the grating is observed in the momentum space
[1], with spacing h¯q = h¯(k0−k) —where h¯k0 and h¯k are
the momentum of the incident and scattered photon—,
here the grating is observed in the real space, with atoms
grouping periodically at distances multiple of 2pi/q. The
model employed to depict the evolution of the cloud is
presented in Section II, along with its implementation to
the MD algorithm. It is possible to see that by using
particular atomic cloud shapes and orientations, differ-
ent density grating shapes and scattered light directions
are achieved. These results, for a 2D cloud and for a
specific 3D geometry, are presented in Section III A and
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II. MODEL OF COLLECTIVE SCATTERING
We consider a collection of N two-level atoms driven
by a laser field with frequency ω0 = ck0, propagating
along the z-axis with wave number k0 = k0zˆ and Rabi
frequency Ω0 = dE0/h¯, where E0 is the electric field and
d is the atomic dipole. The laser field is far detuned from
the atomic frequency ωa, with ∆0 = ω0 − ωa  Γ, being
Γ = d2k30/2pi0h¯ the atomic linewidth. In the far-detuned
limit and for a dilute gas, absorption and multiple scat-
tering can be neglected. In this limit, the incident light
in the mode k0 is scattered into the vacuum mode k. The
scattered optical field in the mode k interferes with the
incident mode k0 to create a ponderomotive force pro-
portional to the photon momentum transfer h¯(k0 − k).
When summed over the different vacuum modes, the re-
sulting equations for atomic positions rj and momenta
pj are (see Appendix A):
r˙j =
pj
M
, (1)
p˙j = Γh¯k0
(
Ω0
2∆0
)2 ∑
m 6=j
{
(zˆ− rˆjm) sin[k0(rjm − zjm)]
k0rjm
− rˆjm cos[k0(rjm − zjm)]
(k0rjm)2
,
}
, (2)
where M is the atomic mass, rjm = rj − rm and rˆjm =
rjm/rjm. Each atom, labbelled j, is coupled to all the
other m-atoms (where m 6= j) by an oscillating force with
components along the direction zˆ of incident field and
the direction rˆjm toward the other atoms. Furthermore,
the force has a finite range, consisting of terms which
decrease with distance between the atoms as 1/rjm or
1/r2jm.
The intensity of scattered light in the direction k is
Is(k) = I1N
2|M(k, t)|2, (3)
being I1 = (h¯ω0Γ/8pir
2)(Ω0/2∆0)
2 the single-atom
Rayleigh scattering intensity and
M(k, t) =
1
N
N∑
j=1
ei(k0−k)·rj(t) (4)
the ’optical magnetization’, or ’bunching factor’. It de-
scribes the strength of the density grating formed by the
moving atoms; ranging from zero, when the atomic po-
sitions are completely random, to unity, when the atoms
are periodically packed into a length less than 2pi/|k0−k|.
These equations generalize the collective atomic recoil,
CARL, laser model, obtained for atoms interacting with
a single mode in an optical ring cavity [4]. Here the inci-
dent photons are scattered in the 3D vacuum, and super-
radiant scattering occurs along certain directions deter-
mined by the atomic spatial distribution. In particular,
for an elongated atomic distribution along the z-axis of
the incident field, collective scattering occurs along the
backward direction k = −k0.
The present model assumes a scalar radiation field, dis-
regarding polarization effects. This approximation can
result in an inaccurate description of the scattered light
and/or the radiation force among the atoms, particu-
larly in the case of a 3D atomic distribution. However,
a full derivation of the vectorial light model (not pre-
sented here) shows that the scalar light model describes
correctly the long-range contribution—i.e., the first term
of the force in the right-hand side term of Eq.(2)—, for
a pump linearly polarized in a direction perpendicular
to the scattering plane. Differences between the vecto-
rial and scalar light models arise only in the short-range
terms of the radiation force, which are less important in
the collective recoil regime considered here. A detailed
study of the collective scattering using the vectorial light
model will be the subject of a future publication.
FIG. 1. Schema of the three different configurations used in
our simulations. a) Elliptical/cigar-shaped gas of atoms with
a major axis directed parallel to the propagation direction of
the laser. b) The elliptical gas with major axis orientated
perpendicular to the propagation direction of the laser. c) A
circular-shaped atomic gas .
3A. Simulation Algorithm
Due to the form of Eqs.(1) and (2), it is possible to
simulate collective light scattering using a molecular dy-
namics (MD) code. We used the Pretty Efficient Parallel
Coulomb Solver (PEPC) [8], which is commonly used for
simulating N-body systems where the forces involved are
described by an inverse-square law, e.g., Coulomb forces
in plasmas and gravitational forces. In order to model
collective scattering of light by atoms, we implemented
Eq. (2) as the force acting on each atom, and observed
the trajectories of the particles. Since the equations only
depend on the positions of the particles, the force for
each iteration was calculated using the position Verlet
algorithm, which updates the position of each atom ac-
cording to
rn+1 = 2rn − rn−1 + an∆t2, (5)
where an is the acceleration at time step n. The Ver-
let integrator provides good numerical stability, as well
as other properties that are important in physical sys-
tems such as time reversibility and preservation of the
symplectic form in phase space. The form of the model
equations shows a singularity when the particles are close
to each other. This becomes an important issue during
the simulation, since it results in strong forces appear-
ing abruptly, causing the particles to be ejected from the
cloud, i.e., two atoms repel one another violently when
they get too close to each other. We solved this prob-
lem using the idea of Plummer [17], which is used in
gravitational force simulations, and involves making the
replacement:
rjm →
√
r2jm + 
2 , (6)
where  is a small parameter introduced in order to avoid
singularities in the equations. This parameter does not
change the general behaviour of the system when the par-
ticles are well separated. It just allows the particles to
pass each other as if they were experiencing an elastic col-
lision characterized by the parameter (), which in some
sense acts as a numerical scattering length. This collision
could be interpreted as a repulsion generated due to van
der Waals forces between a pair of atoms.
The equations have been scaled in order to work with
dimensionless variables. Positions have been scaled like
r′ = k0r; the momentum variable as p′ = pp−10 , where
p0 = h¯k0 is the momentum of a single photon; and the
time variable like t′ = ωrt, where ωr = h¯k20/2m is the re-
coil frequency. Introducing these variables into the equa-
tion of motion (1) and (2) we obtain equations
r˙′j = 2p
′
j , (7)
p˙′j = A
∑
m 6=j
{
(zˆ− rˆjm)
sin[r′jm − z′jm]
r′jm
− rˆjm
cos[r′jm − z′jm]
(r′jm)2
}
, (8)
with
A =
Γ
ωr
(
Ω0
2∆0
)2
, (9)
and r′jm →
√
r′jm + ′2, where the singularity-avoiding
parameter becomes ′ = k0.
The value of the singularity-avoiding parameter used
in our simulations was ′ = 10−2. This implies that
the atoms in our simulation have an effective scatter-
ing length ∼ 10−2λ0. Regarding other important vari-
ables, we have used ωr ≈ 104s−1, as the recoil frequency,
Γ ≈ 107s−1, for the atomic decay rate, and we have se-
lected A = 1.0 for simplicity. By choosing these values,
we roughly achieve that ∆0 ≈ 15Ω0, hence fulfilling the
necessary conditions of the model. For both simulations
in 2D, we have adopted a time step, δt′ = 0.15 × 10−3,
with 2000 steps, which makes a total simulation time of
t = 0.3ω−1r . Instead, for the simulations in 3D, the se-
lected step is δt′ = 0.25× 10−3 with 7000 steps, which in
turn corresponds to a total time of t = 1.75ω−1r .
III. RESULTS
A. Simulations of the scattering from a 2D atomic
cloud
In this section we restrict ourselves to a simpli-
fied configuration where the atomic distribution is two-
dimensional, consisting of two geometries: an ellipse (sec-
tions III A 1 and III A 2) and a circle (section III A 3),
with both distributions being contained in the (x, z)
plane. It is well known from experimental studies of
superradiance and superfluorescence, both in excited
atomic systems of effectively stationary atoms [18] and
in BECs [1, 2, 19], that the geometry of the atomic
cloud/sample can have a significant effect on the spatial
distribution of the emitted field. We will demonstrate
that the spatial distribution of both the scattered ra-
diation and the associated atomic density distribution,
which is produced during collective scattering of light,
are also strongly affected by the geometry of the atomic
cloud.
41. Pump propagation parallel to the major axis of an
elliptical cloud : Backscattering and 1D grating formation
The first case we examine is that of an elliptical atomic
cloud illuminated by an optical pump field whose propa-
gation direction is parallel to the major axis of the cloud
as shown schematically in Fig. 1(a). Fig. 2(a) shows
the initial, random, distribution of atoms in the atomic
cloud. As a consequence of the optical forces arising from
Rayleigh scattering, this initially random spatial distri-
bution of atoms develops a strong periodic modulation
along the z-direction, with a spatial period ≈ λ/2, as
shown in Fig. 2(b). Consequently, the atomic cloud un-
dergoes the spontaneous formation of a 1D density grat-
ing, analogous to the ones occurring in CARL or a free
electron laser (FEL). Observing Fig. 2(d) we conclude
that the 1D grating forms because light is predominantly
backscattered, due to the geometry of the atomic cloud,
which leads to scattering along the cloud’s major axis in
both the ±z directions. Light which is forward scattered
in the +z direction will not produce an optical force on
an atom, as there is no change of the photon momentum
during scattering. We remember that we have neglected
the effect of the scattering force, in the limit of large de-
tuning ∆0  Γ (Appendix A), which eventually pushes
the atoms in the direction of the pump [20]. Conversely,
light backscattered along the −z direction produces an
optical force on an atom, as the optical field propaga-
tion direction and consequently momentum changes dur-
ing the scattering process. This change in momentum
of the optical field is taken up by an atom, moving it
and modifying the atomic density. The backscattered
light interferes with the pump field to form a 1D optical
potential with a spatial period of ≈ pi/k0, that has an
amplitude and a position which evolve dynamically, and
consistently, with the developing atomic density modu-
lation.
The forward lobe of the scattered intensity in Fig. 2(c)
is the result of the diffraction by the atoms in the initial
distribution. For a uniform ellipse with semiaxis Rx and
Rz, the bunching factor |M(θ, φ)| is
|M(θ, φ)| =
2J1
[
k0
√
R2x sin
2 θ cos2 φ+R2z(1− cos θ)2
]
k0
√
R2x sin
2 θ cos2 φ+R2z(1− cos θ)2
,
(10)
where we assumed k = k0(sin θ cosφ, sin θ sinφ, cos θ),
k0 = k0zˆ and J1(x) is the first-order Bessel function.
The majority of the emission is within the diffraction an-
gle ∆θ ∼ 1/(k0Rx).
2. Pump propagation perpendicular to the major axis of an
elliptical cloud : Off-axis scattering
We now consider the case where the optical pump field
propagates perpendicular to the major axis of the ellip-
tical atomic cloud, as shown schematically in Fig. 1(b).
FIG. 2. Simulation of collective scattering of a pump laser
propagating parallel to the major axis of an elliptical 2D
atomic cloud: a) Initial atomic density distribution showing
N ≈ 5000 particles distributed randomly. b) Density grating
formation due to collective scattering at t = 0.135ω−1r . The
corresponding bunching factors, |M(k, t)| are shown in (c) at
t = 0 and in (d) at t = 0.135ω−1r .
The initial random distribution of atoms in the atomic
cloud is shown in Fig. 3(a). In this case, the initially
random distribution of atoms again develops a strong
periodic modulation and forms a density grating, but in
contrast to the previous case of section III A 1, this grat-
ing is now no longer restricted to the z-axis, but is a
2D structure in the (x, z) plane. Figs. 3(c,d) show that
the 2D grating forms because the geometry of the atomic
cloud, which leads to significant scattering perpendicu-
lar to the pump propagation direction, along the major
axis of the atomic cloud in both the ±x directions. Scat-
tering of light along the ±x directions will produce an
optical force on an atom directed at approximately ∓45◦
to the z-axis. This can be understood using a photon
picture of a scattering event which involves an incident
photon with momentum (h¯k0)zˆ and results in a scattered
photon of momentum (h¯k0)xˆ. This results in a net mo-
mentum change of the atom of h¯k0(zˆ∓ xˆ), i.e., directed
at approximately ∓45◦ to the z-axis, depending whether
the photon is emitted upward or downward, respectively.
This scattered light interferes with the pump field to form
a dynamically evolving, 2D optical lattice potential [6].
An atomic density distribution similar to that shown in
Fig. 3(b) was observed by Inouye et al. [1] for the case of
an elongated, elliptical Bose-Einstein condensate (BEC),
illuminated by a pump beam propagating perpendicular
to its major axis. Whereas in the experiment of Ref.[1]
the grating is observed in the momentum space, after
the interaction with the pump laser, here the grating is
observed in the real space.
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FIG. 3. Simulation of collective scattering of a pump laser
propagating perpendicular to the major axis of a 2D elliptical
atomic cloud: a) Initial atomic density distribution showing
N ≈ 5000 particles distributed randomly. b) Density grating
formation due to collective scattering at t = 0.159ω−1r . The
corresponding bunching factors, |M(k, t)|, are shown in (c) at
t = 0 and in (d) at t = 0.159ω−1r .
3. Scattering from a circular atomic distribution
We now consider the light scattering from the circular
2D simulation shown in Fig. 1(c). Since now there is not
any preferred scattering direction, we would expect to
observe no density grating in this case. Instead, we can
still see the formation of a 2D grating due to a periodic
modulation. Observing the polar plot that represents the
bunching parameter for this configuration, Figs. 4(c,d),
we can see that, at a certain time, the cloud scatters
light in two directions, at approximately ±45◦ from the
backward direction. This can be interpreted taking into
consideration the deformation of the initially round dis-
tribution. It can be observed in Fig. 4(b) that the atoms
close to the z-axis and on the right edge of the initial dis-
tribution are pushed forward by the pump laser, making
the atomic cloud to adopt an ’egg-like’ shape. Since scat-
tered light get more amplified along the longest propa-
gating path in the cloud, this path results to be along the
edges of the egg-like shape formed after an initial tran-
sient time. If we look at the deformed shape in Fig. 4(b)
as if it was a triangle with two equal angles (located at
the negative plane of z-axis) and a third one (place at the
positive plane of z-axis) that would define the angle be-
tween the two scattered light directions. Regarding the
half-angle between the backscattering direction as θ, we
can examine the photon picture of a scattering event for
this case as well. Now, we still have an incident photon
with momentum h¯k0zˆ that results in a scattered pho-
ton with two equiprobable momenta h¯k0[zˆ cos θ± xˆ sin θ].
Therefore, the change in the total momentum of an atom
of the cloud is h¯k0[zˆ(1−cos θ)∓ xˆ sin θ]. The interference
between the scattered light and the pump field forms a
2D optical lattice potential, with an angle θ ∼ 135◦ with
the z-axis, resulting in a 2D optical lattice oriented at an
angle of 22.5◦, in qualitative agreement with the density
grating observed in Fig. 4(b). The shape deformation of
the atomic distribution observed here is similar to the
electrostrictive effect described in [21] for a BEC illumi-
nated by laser light.
FIG. 4. Simulation of collective light scattering from a 2D
circular atomic cloud : a) Initial atomic distribution showing
N ≈ 5000 particles distributed randomly. b) Atomic distri-
bution at t = 0.22ω−1r . The corresponding bunching factors,
|M(k, t)|, are shown in (c) at t = 0 and in (d) at t = 0.22ω−1r .
B. 3D simulation of scattering
In this section, we relax the assumption of a 2D distri-
bution of atoms and consider a full 3D case. The compu-
tational effort required to model large systems of atoms
in 3D is remarkably greater than in 2D, so the efficiency
of the computational methods used becomes more signif-
icant. As an illustrative example we study a 3D atomic
sample, analogous to the system configuration consid-
ered in section III A 1, with the pump propagation par-
allel to the major axis of the cloud with a cigar-shaped
distribution—see Fig. 5(a))—; again, we have the atoms
initially randomly distributed within the cloud. After a
time t = 0.21ω−1r , we observe the formation of a lon-
gitudinal density grating along the z-axis, depicted in
Fig. 5(b)), similar to the one observe in the 2D simu-
lation. We outline again that the scalar model of light
used for the 3D simulations gives only an approximated
description of the scattering, so that a full vectorial model
6FIG. 5. numerical simulations in 3D: (a) Initial disposition of particles in a cloud of particles. (b) 1D grating formation in
the case of laser propagation parallel to the major axis of the cloud of atoms at t = 0.21ω−1r . In the simulation we have used
N ≈ 10000 particles distributed randomly in space.
is required for an accurate description of the scatter-
ing. However, preliminary results show that for very
elongated atomic cloud and the pump propagating along
the major axis of the cloud, the scalar model describes
correctly the long-range term of the exact force but not
its short-range terms. Since we assume a dilute system,
where multiple scattering is negligible, short-range terms
in the force play a minor role, and the collective recoil
scattering is dominated by long-range interactions. For
these reasons, the scalar model is able to reproduce the
mean features of the collective atomic recoil lasing in free
space.
Finally, we make some comment about the scaling laws
with N and the size of the atomic cloud. In our 3D
simulation, the number of atoms is N = 104 and the
semi-axis of the ellipsoidal are k0Rx = k0Ry ∼ 5 and
k0Rz ∼ 15, corresponding to a volume of V ∼ 6λ30
which, for λ0 = 780nm as for the Rb atoms, conforms
a rather unrealistic density of n ∼ 1015 atoms/cm3 and
a resonant optical thickness of b ∼ N/(k20RxRy) ∼ 400,
which is large but not unreachable. Hence, it is impor-
tant to know how the superradiant scattering rate scales
with N and the atomic system size. It results from a
mean-field theory [6] that the superradiant scattering
rate is ΓSR ∼ (Ω/∆0)
√
ΓωrN/(k0Rx)2, i.e., it scales
with the square root of the optical thickness. Hence,
a realistic atomic cloud with N ∼ 106 and transverse
size k0Rx ∼ 50 would have the same optical thickness
and hence the same superradiant rate of the simulation
shown in Fig. 5.
IV. CONCLUSIONS
We have presented a model which describes collective
scattering of light in 2D/3D due to a gas of cold atoms in
vacuum that depends only on the positions of the atoms,
making it suitable for implementation using a MD simu-
lation code. Using the public MD code, PECP, we were
able to follow the trajectories of the atoms and calcu-
late the spatial and temporal evolution of the intensity
of the scattered light. The 2D simulations show that the
evolution of collective scattering by an elliptical atomic
cloud is sensitive to the orientation of the cloud relative
to the pump field propagation direction. When the major
axis of the cloud is aligned parallel to the pump propaga-
tion direction, the simulation showed formation of a 1D
grating in the density of the atoms, analogous to that
occurring in CARL or a free electron laser (FEL), which
enhances the backscattered light. In contrast, when the
major axis of the cloud is oriented perpendicular to the
pump propagation direction, a 2D pattern formation,
similar to that observed in superradiant scattering exper-
iments of [1], was observed; in both cases, the collectively
scattered radiation propagates predominantly along the
major axis of the cloud. In the intermediate case of a
circular cloud, it was demonstrated that the force pro-
duced by the collective scattering process is electrostric-
tive in nature, leading to elongation of the cloud along
the pump propagation direction, simultaneous with the
development of a 2D grating. As an example of the ca-
pabilities of the code and the method we used, we have
also been able to produce 3D simulations of the collective
scattering process. As the importance of polarization ef-
fects can be significant for 3D scattering, an extension of
the present scalar model of light scattering to a vectorial
7model, simulating the 3D collective scattering from dif-
ferent atomic distribution and orientations of the pump,
is in preparation.
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Appendix A: derivation of the motion equations
1. Multimode collective recoil equations
We consider the Hamiltonian of N two-level atoms, with atomic frequency ωa and dipole d, interacting with a laser
field and the vacuum radiation modes:
H =
N∑
j=1
p2j
2M
+ h¯
N∑
j=1
[
Ω∗0
2
σ−j e
i∆0t−ik0·rj + h.c.
]
+ h¯
N∑
j=1
∑
k
gk
[
a†kσ
−
j e
i∆kt−ik·rj + σ+j ake
−i∆kt+ik·rj
]
, (A1)
Here Ω0 = dE0/h¯ is the Rabi frequency of the laser, with electric field E0, wave vector k0 and frequency ω0, with
detuning ∆0 = ω0−ωa. The quantum radiation modes in vacuum with wave vectors k and frequency ωk are described
by the operators ak, with ∆k = ωk−ωa, with coupling rate gk = d[ωk/(2h¯0Vph)]1/2, being Vph the quantization volume
of the radiation field. We disregard polarization and short-range effects, using a scalar model for the radiation field.
The internal dynamics of the two-level atoms are described by the operators σzj = |ej〉〈ej | − |gj〉〈gj |, σ+j = |ej〉〈gj |
and σ−j = |gj〉〈ej |. Furthermore, we also consider the dynamics of the external degrees of freedom, where rj and pj
are operators. The Heisenberg equations are:
r˙j =
pj
M
, (A2)
p˙j = −∇rjH
= ih¯k0
[
Ω∗0
2
σ−j e
i∆0t−ik0·rj − h.c.
]
+ ih¯
∑
k
kgk
[
a†kσ
−
j e
i∆kt−ik·rj − h.c.
]
, (A3)
σ˙−j =
iΩ0
2
e−i∆0t+ik0·rj σˆzj + i
∑
k
gkσ
z
j ake
−i∆kt+ik·rj , (A4)
σ˙zj = iΩ
∗
0e
i∆0t−ik0·rjσ−j + 2i
∑
k
gka
†
kσ
−
j e
i∆kt−ik·rj + h.c., (A5)
a˙k = −igk
N∑
j=1
σ−j e
i∆kt−ik·rj . (A6)
Introducing σj = σ
−
j e
i∆0t and neglecting the population of the excited state (assuming weak field and/or large
detuning ∆0), so that σ
z
j ≈ −1:
r˙j =
pj
M
, (A7)
p˙j = ih¯k0
[
Ω∗0
2
σje
−ik0·rj − h.c.
]
+ ih¯
∑
k
kgk
[
a†kσje
i(ωk−ω0)t−ik·rj − h.c.
]
, (A8)
σ˙j = (i∆0 − Γ/2)σj − iΩ0
2
eik0·rj − i
∑
k
gkake
−i(ωk−ω0)t+ik·rj , (A9)
a˙k = −igkei(ωk−ω0)t
N∑
j=1
σje
−ik·rj . (A10)
8where we added the spontaneous emission decay term −(Γ/2)σj , with Γ = d2k3/2pi0h¯ as the spontaneous decay rate.
Assuming Γ ωrec, being ωrec = h¯k2/2M the recoil frequency, we can adiabatically eliminate the internal degree of
freedom, taking σ˙j ≈ 0 in Eq.(A9):
σj ≈ Ω0
2(∆0 + iΓ/2)
eik0·rj +
1
∆0 + iΓ/2
∑
k
gkake
−i(ωk−ω0)t+ik·rj . (A11)
The first term describes the dipole excitation induced by the driving field, whereas the second term is the excitation
induced by the scattered field. By inserting it in Eq.(A10), the field equation, we obtain:
a˙k = −i gkΩ0
2(∆0 + iΓ/2)
ei(ωk−ω0)t
N∑
j=1
ei(k0−k)·rj − i gk
∆0 + iΓ/2
N∑
j=1
∑
k′
gk′ak′e
i(ωk−ωk′ )t−i(k−k′)·rj . (A12)
The first term describes the single-scattering process, where the momentum transfer to the atoms is from the incident
field to the vacuum field. The second term describes multiple scattering processes, where a photon is exchanged
between the mode k and all the other modes k′. We limit our analysis to single-scattering processing, neglecting the
second term in Eq.(A12). We also insert Eq.(A11) in the force equation (A8),
p˙j = − ih¯
∆0 − iΓ/2
[
k0
Ω0
2
eik0·rj +
∑
k
kgkake
ik·rj−i(ωk−ω0)t
][
Ω∗0
2
e−ik0·rj +
∑
k
gka
†
ke
−ik·rj+i(ωk−ω0)t
]
+ h.c.
(A13)
The first and second terms in the first squared parenthesis describe the absorption of an incident photon with momen-
tum h¯k0 and a scattered photon with momentum h¯k, respectively. The second squared parenthesis is the response of
the atom, i.e., the induced polarization of the atoms to the total radiation. Explicitly, we write:
p˙j =
[
ΓΩ20
4∆20 + Γ
2
]
h¯k0
+
2i∆0
4∆20 + Γ
2
∑
k
h¯(k0 − k)gk
[
Ω∗0ake
−i(k0−k)·rj−i(ωk−ω0)t − h.c.
]
+
Γ
4∆20 + Γ
2
∑
k
h¯(k0 + k)gk
[
Ω∗0ake
−i(k0−k)·rj−i(ωk−ω0)t + h.c.
]
+
1
∆20 + Γ
2/4
∑
k
∑
k′
gkgk′ aˆ
†
kaˆk′e
i(k′−k)·rj [i∆0h¯(k− k′) + (Γ/2)h¯(k + k′)] . (A14)
Notice that the first term is the radiation pressure exerted by the incident light (which is constant for a plane wave);
the second and third terms describe the momentum transfer due to the exchange of photons between the incident and
the scattered light. The last term is the contribution due to the exchange between two scattered vacuum photons of
momentum h¯k and h¯k′. Again, since we neglect multiple-scattering events, we drop the last term. Then, we assume
∆0  Γ, so that the first and the third terms of Eq.(A14) are negligibly small, thus, achieving:
p˙j ≈ i
2∆0
∑
k
h¯(k0 − k)gk
[
Ω∗0ake
−i(k0−k)·rj−i(ωk−ω0)t − h.c.
]
. (A15)
The force on the atoms is the usual dipole (or gradient) force, where the momentum transfer is maximum for back-
scattering emission (i.e., k = −k0). In conclusion, the multi-mode equations describing the collective recoil are:
r˙j =
pj
M
, (A16)
p˙j = ih¯g
∑
k
(k0 − k)
[
Ake
−i(k0−k)·rj −A†kei(k0−k)·rj
]
, (A17)
A˙k = −ig
N∑
j=1
ei(k0−k)·rj − iδkAk, (A18)
where Ak = ake
−iδkt, δk = ωk − ω0 and g = gk0(Ω0/2∆0); we assumed gk ≈ gk0 and Ω0 real.
92. Collective recoil equations in free space
In free space the light is scattered in the 3D vacuum modes. Following ref.[3], we eliminate the scattered field by
integrating Eq.(A18) to obtain
Ak(t) = Ak(0)e
−i(ωk−ω0)t − igN
∫ t
0
ρk0−k(t− τ)e−i(ωk−ω0)τdτ, (A19)
with
ρq(t) =
1
N
N∑
j=1
eiq·rj(t). (A20)
The first term in Eq.(A19) gives the free electromagnetic field, i.e., vacuum fluctuations, and the second term is the
radiation field due to Rayleigh scattering. If Eq.(A19) is substituted into equation (A17) for pj , we obtain:
p˙j = h¯g
2N
∑
k
(k0 − k)
∫ t
0
dτ
[
ρk0−k(t− τ)e−i(k0−k)·rje−i(ωk−ω0)τ + h.c.
]
, (A21)
where the first term of Eq.(A19) has been neglected. Then, transforming the sum over k into an integral and using
Eq.(A20), we attain the coming expression:
p˙j = h¯g
2 Vph
8pi3
∑
m 6=j
[
e−ik0·(rj−rm)
∫ t
0
dτeiω0τ
∫
dk(k0 − k)eik·(rj−rm)e−ickτ + h.c.
]
, (A22)
in which we used the Markov approximation so that rj(t− τ) ≈ rj(t). The integral over k, in the latter equation, can
be manipulated as follow:∫
dk(k0 − k)eik·(rj−rm)e−ickτ = 4pik0
∫ ∞
0
dkk2
sin(krjm)
krjm
e−ickτ
+ 4ipirˆjm
∫ ∞
0
dkk3
[
cos(krjm)
krjm
− sin(krjm)
(krjm)2
]
e−ickτ , (A23)
being rjm = rj − rm, rjm = |rjm| and rˆjm = rjm/rjm. Since k ≈ k0, we can replace k by k0 in the integrals; we also
extend the lower integration limit to −∞, reaching the next expression:∫
dk(k0 − k)eik·(rj−rm)e−ickτ ≈ 4pik30
zˆ
k0rjm
∫ ∞
−∞
dk sin(krjm)e
−ickτ
+ 4ipik30
rˆjm
k0rjm
∫ ∞
−∞
dk
[
cos(krjm)− sin(krjm)
k0rjm
]
e−ickτ
=
4pi2k30
c
{
zˆ
ik0rjm
[δ(τ − rjm/c)− δ(τ + rjm/c)]
− rˆjm
ik0rjm
[δ(τ − rjm/c) + δ(τ + rjm/c)]
− rˆjm
(k0rjm)2
[δ(τ − rjm/c)− δ(τ + rjm/c)]
}
, (A24)
where we assumed k0 = k0zˆ and used the following two integrals:∫ ∞
−∞
dk sin(kR)e−ickτ =
pi
ic
[δ(τ −R/c)− δ(τ +R/c)] ,∫ ∞
−∞
dk cos(kR)e−ickτ =
pi
c
[δ(τ −R/c) + δ(τ +R/c)] . (A25)
By inserting Eq.(A24) into Eq.(A22), together with the definitions of g and Γ, we are able to derive the final expression
for the force:
p˙j =
Γ
2
h¯k0
(
Ω0
2∆0
)2 ∑
m 6=j
[
eik0(rjm−zjm)
[
(zˆ− rˆjm)
ik0rjm
− rˆjm
(k0rjm)2
]
+ h.c.
]
= Γh¯k0
(
Ω0
2∆0
)2 ∑
m 6=j
{
(zˆ− rˆjm) sin[k0(rjm − zjm)]
k0rjm
− rˆjm cos[k0(rjm − zjm)]
(k0rjm)2
}
. (A26)
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3. Radiation field
The scattered radiation field amplitude is
Es(r, t) = i
Vph
(2pi)3
ei(k0·r−ω0t)
∫
∆k
dkEkAk(t)ei(k−k0)·r, (A27)
being Ek = (h¯ωk/20Vph)1/2 the ’single-photon’ electric field. Using eq.(A19), neglecting the fluctuation term and
transforming the sum over k into an integral, as done before, we obtain
Es(r, t) =
Vph
(2pi)3
ge−iω0t
N∑
j=1
∫ t
0
dτeiω0τeik0·rj(t−τ)
∫ ∞
0
dkkEk sin(k|rj(t− τ)− r|)|rj(t− τ)− r| e
−ickτ . (A28)
The scattered intensity will be centred about the incidence laser frequency ω0. The quantity ck varies little around
k = ω0/c for which the time integral in τ is not negligible. We can therefore replace k by ω0/c and extend the lower
limit in the k integration by −∞:
Es(r, t) =
Vph
2pi2
gk0Ek0e−iω0t
N∑
j=1
∫ t
0
dτeiω0τ+ik0·rj(t−τ)
∫ ∞
−∞
dk
sin(k|rj − r|)
|rj − r| e
−ickτ . (A29)
By using Eq.(A25) we obtain:
Es(r, t) =
dk30
4pi0
Ω0
2∆0
N∑
j=1
eik0Rj
ik0Rj
ei(k0·rj−ω0t)Θ(t > Rj/c), (A30)
where Rj = |rj − r| and rj is evaluated at the retarded time t−Rj/c. Assuming r rj , we can write Rj ≈ r− irˆ · rj
with rˆ = r/r, and
Es(k, t) ≈ dk
2
0
4pi0
Ω0
2∆0
ei(k0r−ω0t)
ir
N∑
j=1
ei(k0−k)·rj , (A31)
where k = k0rˆ. We have obtained the expression of the Rayleigh scattering field in the far-field limit, i.e., a spherical
wave proportional to the factor form, depending on the geometrical configuration of the scattering particles. For
small clouds we can neglect the retarded time Rj/c. In conclusion, the scattered intensity spatial distribution in the
far-field limit is
Is(k) = I1N
2|M(k, t)|2, (A32)
in which I1 = (h¯ω0Γ/8pir
2)(Ω0/2∆0)
2 is the single-atom Rayleigh scattering intensity and
M(k, t) =
1
N
N∑
j=1
ei(k0−k)·rj(t) (A33)
is the ’optical magnetization’, or ’bunching factor’.
[1] S. Inouye, A.P. Chikkatur, D.M. Stamper-Kurn, J.
Stenger, D.E. Pritchard, W. Ketterle, Science 285 (1999)
571.
[2] Y. Yoshikawa, Y. Torii and T. Kuga, Phys. Rev. Lett. 94
(2005) 083602.
[3] M.G. Moore, P. Meystre, Phys. Rev. Lett. 83 (1999) 5202.
[4] R. Bonifacio, L. De Salvo Souza, Nucl. Instrum. Meth.
Phys. Res. A 341 (1994) 360.
[5] R. Bonifacio, L. De Salvo Souza, L.M. Narducci, E.J.
D’Angelo, Phys. Rev. A 50 (1994) 1716.
[6] N. Piovella, R. Bonifacio, B.W.J. McNeil, G.R.M. Robb,
Opt. Commun. 187 (2001) 165.
[7] R. Bonifacio, G.R.M. Robb, B.W.J. McNeil, Phys. Rev.
A 56 (1997) 912.
[8] .E. Mustecaplioglu, L. You, Phys. Rev. A, 62 (2000)
063615.
[9] O. Zobay, G.M. Nikolopoulos, Phys. Rev. A, 72 (2005)
041604(R).
11
[10] O. Zobay, G.M. Nikolopoulos, Phys. Rev. A, 73 (2006)
013620.
[11] J. Li, X. Zhou, F. Yang, X. Chen, Phys. Lett. A 372
(2008) 47504753.
[12] S. Slama, S. Bux, G. Krenz, C. Zimmermann, and Ph.
W. Courteille, Phys. Rev. Lett. 98, 053603 (2007).
[13] S. Slama, G. Krenz, S. Bux, C. Zimmermann, and Ph.W.
Courteille, Phys. Rev. A 75, 063620 (2007).
[14] S. Bux, H. Tomczyk, D. Schmidt, Ph.W. Courteille, N.
Piovella, and C. Zimmermann, Phys. Rev. A, 87 (2013)
023607.
[15] J. Barnes & P. Hut, Nature 324, (1986) 446.
[16] P. Gibbon, PEPC: Pretty Efficient Parallel Coulomb
Solver Sostiger Interner Bericht ZAM-IB-2003-05 (ZAM,
Julich Forschungszentrum, 2003).
[17] H. C. Plummer, MNRAS 71 (1911) 461.
[18] M. Gross, S. Haroche, Phys. Rep. 93 (1982) 301.
[19] D. Schneble, Y. Torii M. Boyd, E.W. Streed, D.E.
Pritchard, and W. Ketterle, Science 300 (2003) 475.
[20] T. Bienaime, S. Bux, E. Lucioni, Ph.W. Courteille, N. Pi-
ovella, and R. Kaiser, Phys. Rev. Lett. 104 (2010) 183602.
[21] S. Giovanazzi, D. O’Dell & G. Kurizki Phys. Rev. Lett.
88 (2002) 130402.
